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ABSTRACT
2239

The effect of the ring current due to the drift/of trapped particles
in the radiation belts on the distribution of untrapped particles in the
magnetosphere is analyzed using a current sheet approximation to the
ring current. The shape assumed for the current sheet is the figure
obtained by rotating a dipole field line about the axis. The vector potential
of a dipole plus a distributed ring current is derived and applied in Stormer's
theorem to determine allowed and forbidden regions of particle motion.
Liouville's theorem is used to obtain the ratio of unbound particle flux at
points inside the model magnetusphere to an isotropic uniform flux at

infinity.
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INTRODUCTION

A westward flowing equatorial ring current was first proposed by
Schmidt! to explain the decrease in the horizontal component of the
magnetic field at the Earth's surface during magnetic storms. Chapman
and Ferraro® proposed that charged particle streams from the Sun provide
the source for the ring current. They also speculated that a westward
flowing ring current at the geomagnetic equator with a radius between five
and ten Earth radii might serve as a reservoir of particles to produce the
auroras as well as explain the decrease in the Earth's field during the
main phase of geomagnetic storms. The annular current causing a decrease
was not attributed to the drift of charged particles trapped in the geomagnetic
field but to a charge distribution of particles of the neutral solar flux on the
boundary of the magnetosphere. Alfvén3 showed that magnetic traps can
exist in the Earth's dipole field and that these traps correspond to Stormer's
inner allowed region. The radiation belts provide a collection of charged

particles whose drift causes a ring current.

Treiman? assumed a ring current formed by a current sheet located
on the surface of a sphere concentric with the Earth and obtained an expres-
sion for the variation expected in the intensity of cosmic radiation near the
Earth's surface. Ray5 assumed a filamentary form for the equatorial ring
current and determined the allowed and forbidden regions of particle motion
using Stormer's theory. The effect of the ring current on the vertical cutoff
rigidity at the Earth's surface was studied as a function of geomagnetic
latitude. Ray6 also studied the effect of the ring current on the impact
zones of cosmic rays by integrating particle trajectories. There has been
some difficulty in reconciling the measured particle population and cal-
culated ring current with the observed reduction in cosmic ray cutoff

rigidity during magnetic storms/.

In this paper the ring current due to the drift of charged particles

trapped in the radiation belts is approximated by a single current sheet



symmetric about the dipole axis and with cross-sectional shape like that

of a dipole field line.

The vector potential for the combination of the geomagnetic dipole
and the distributed ring current is expanded in terms of the associated
Legendre polynomials and inserted into Stormer's theorem. Stormer's
theorem is used to determine the allowed and forbidden regions for motion
of untrapped particles. Finally, Liouville's theorem is used to determine
the ratio of the proton flux for selected energies at points inside the
magnetosphere to the flux of protons of the same energy at infinity. The

flux is assumed to be isotropic and spatially uniform at infinity.

The author gratefully acknowledges the able assistance of Mr.

T. J. Buntyn for the programming of the equations and providing the

numerical results.




AN APPROXIMATION TO THE VECTOR POTENTIAL
OF THE RADIATION BELTS

Approximations to the ring current field have been studied by
Akasofu and Cain® 9, Akasofu and Chapman1 0, Ben'kova and Tyurminall,
Chapmanlz, and Rayl3. Ben'kova and Tyurmina have studied the potential of
a current sheet, the surface of which is generated by rotating a dipole field
line about the dipole axis. The ring current is due to the drift of particles
trapped in the radiation belts by the Earth's magnetic field which is largely
that of a dipole over a substantial part of the magnetosphere. The approxi-
mation of the current distribution by a sheet of the general shape of the

radiation belts seems reasonable and should be more representative of

nature than a filamentary ring current.
The shape of a dipole field line is given by
r' = a sin®

where a is the value of r in the equatorial plane and { is the magnetic
colatitude of a point on the current surface (see Figure 1). The current's
surface is assumed to be axisymmetric and symmetric with respect to the
equatorial plane and the current is assumed to diminish to zero at some
=B and y =7 - B. The current is assumed to flow along the surface from

east to west and it is assumed that the r and 6 components of the current

are gero.

The vector potential of a circular loop at r =b and 6 = § is given

by Srnythe14 in terms of the associated Legendre polynomials for r < b,

-0 Y =ind 5V B0 B (cos o) 1
"t 7 4 n(nr1) \5) P lcos ¥) Py (cos (12)
and for r > b,
- N4l < sin bn-}‘1
= - Pl .
A ¢E'_2 nZ’l (aT 1) (r) n (cos ¢) P, (cos 6) (1b)
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Figure 1. Coordinates of the Current Sheet and Field Point




where p is the permeability and I is the current. The vector potential of
such a circular loop has a & component only. The current sheet can be
thought of as being composed of a large number of circular current belts
with very small widths. The vector potential at a field point (r, 6) of

one of these belts located at (r', §) may be represented by

w n
dI sin (i 1 1
day = p S ) ——-"’—n(nﬂ) r,) Pl (cos ¢) P} (cos ©) (2a)
if r < r', or by
® ntl
dI sin § (3_' 1 1
Ay = p S 2 ey (5 ) Pj(cos ) P} (cos ©) (2b)

if r > r!
The current, dI, in a very narrow belt of width d¢ is given by
dl = j dt

where j is the current density per unit arc length along the current sheet.

The current density is assumed to be a function of ¢, j = j ().

The vector potential, Aq), of the sheet can be found by integrating

Equations 2 along a line of force of the magnetic field.
-k ( )
A¢ g dA ‘S ; n(n+l) P (cos ) P {cos 6) d£ (3a)

ifr < r'or

A¢~—§ 2_-/n(n+l)( ) p (cos ¢) P} (cos 6) df (3b)
s, ©0F

if r > r', where S;, S, S3, and S4 are points on the sheet of current.



Integration is along an arc of the curve
- i 2
r' = a sin” { . (4)

The computations are facilitated by replacing the integration along the

arc £ by integration over the angle y. From Figure 1 it is evident that
(de)? = (dr")® + (r' dy)?

but dr' = 2 a sin ¢ cos ¢ dy, and
1
df =asin4:(l+3cos2 g dy . (5)

Making this substitution one obtains

-
[o0] . 2 n
A¢ =i2&§j E sin” r ) Plll(cos P) Prll(cos 0)
B

N1 n(ntl) \5 gin2 y

X (1 + 3 cos? LIJ)% dy (6a)

if r < a sin® B, or by

ap W—F o sin’ ¢ [a sinzkpn+l 1 1
Aq)=7§J L n(n+1)( . P; (cos ¢) P, (cos 8)
n=1
B
1
X (1 + 3 cos®y)? ay (6b)

if r > a. These integrals converge in the regions specified. In the region

a sin® B < r < a, the vector potential is the sum of a central and a remote
field contribution. If the field point is (r, 0), then the central field con-
tribution can be evaluated by integrating over the current which is distributed
at r' > r. The remote field contribution is evaluated by integrating over the
current which is distributed at r' < r. These integrals will converge pro-
vided j is bounded. The vector potential in this intermediate range is given

by




Ag = Ayi + Ayo  for asinfB<r<a (7)

where Agpj is the central field contribution and Ay, is the remote field

contribution (see Figure 2).

.= 2K S sinzq; r n . .
B ‘S noy Bintl) (a sin? 4J) Pp (cos ¢) Py (cos 8)
a
1
X (1 + 3 cos® ¢)% dy (8)

1
where a = sin”! (r/a)? and a sin*B<r < a.

m-f
® s 2 .2 ntl N
= aTu g j Z 5?2“*% - L*’) Pl (cos ¢) P} (cos 8) (1+3cosy)? dy
B
ap }T‘-Q./ o sinZL{J asin?‘_g ntl 1 1 s %
T2 ) J Z‘ln(n+1) ( r ) P, (cos §) Py (cos 8)(1+ 3cos“y)® dy
a

(9)

It is necessary to assume a form for j before proceeding to evaluate
the integrals. Ben'kova and Tyurminall considered several different
functional dependences of j on §, but for this study it was assumed that

=Jo sin® y where jg is a constant. With this assumption, the vector

potential becomes

Ag = Zj(’ n(nﬂ){( )cn<a)+( )n [Con(B) - con(a)]} P} (cos @)

(10)
where
~ o pl (cos ) 1
Cinla) =§ 2‘5:1)‘2':7-2 (1+3 cos® y)2 dy (11a)
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Figure 2, Coordinates for Intermediate

Vector Potential Calculations




=~

_ . 2nt6 1 2 2
Conle) = S‘ (sin ) P, (cos ) (1+3 cos® ¢)° dy (11b)
a

a=B for r<asin’p
and
a=7w/2 for r> a
These integrals can be evaluated by expanding the associated

Legendre polynomials in terms of sin § and using a set of integral tables

such as thal of Grobner and Hofreiterl5, The integrals are tedious to
evaluate by hand but a computer may be used to construct a table of

evaluated integrals and the coefficients are linear combinations of

elements of the table.
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MAGNETIC MOMENT

The magnetic moment of a current loop carrying current dI is
dM = 7 R dI
where R is the radius of the loop. From Equations 4 and 5
R = a sin’ ]
and
1
dl =j df =jasiny (1+3 cos’ §)? dy

one obtains
1
dMR =w a’j sin” § (1+ 3 cos? $)? dy

and the magnetic moment!! of the sheet is given by

MR=\S d Mg

Sheet
or
-3
MR = a? S\j sin” ¢ (14 3 cos? Lp)% dys
B

If a current distribution of the form j = Jo sin? ) is assumed, then

MRzTTjoa3F(B) 3

or
, MR
Jo = W—m
where
LS
F({B) = S sin’ $(1+3 cos? Up)% dy
B

11/12
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STORMER'S THEOREM FOR A DIPOLE PLUS
A DISTRIBUTED RING CURRENT

Stormer's theorem for charged particle motion in axisymmetric

magnetic fields is written (Stern16)
v 2
Q=cosw:-—‘£=gA¢+-——.Y—— (17)
v P r sin 6

where Vo is the ¢ component of velocity, v is the magnitude of particle
velocity, q and p are the charge and momentum of the particle, y is the

impact parameter and w is the angle between V and west.

The vector potential of a dipole plus the distributed ring current

being considered is, using Equations 10, 11, and 15,

p.o M sin © Mo MR © 1 T n
B = = " 2n a2t F(B) (ngl n(nt1) {(Z) Cinfe)

n+1

+(2)  [Con® - con(a)]} Py, (cos e)) (18)

where M is the magnetic moment of the dipole. Substituting Equation 18

into Equation 17 yields

q po M sin 6 q po MR @® 1 {rn
Q= + - Cinla)
4p 7 r? 2w p a? F(B) nél n(ntl) (a) n
,a«n+1 N ) 2y
u (;) [Con(B) - Con(a)]jL P, (cos 8) + ——% . (19)

The Stormer unit of length is defined to be

quo M
Cst’ = —4;—‘13— (20)

13



and Equation 19 may be made dimensionless using the definitions

p = r/Cgst, A= a/Cgt and y = y/Cg¢. When these substitutions are made,

one obtains

_sin © 2y 2 MR @ 1 e n
°s p’ Tosine Ty F(B) n2=-ll n(n+1) {(x) Cinla)
ntl
+ (%) [Con(B) - Con(a)]} Prl1 (cos 0) . (21)

The application of Stormer's theorem to the dipole shielding problem

has been discussed in detail by Stormerl7?, Vallartal8, Johnsonl? and Ray5.
Stormer's theorem for more complex field configurations such as double

ring currents and multipole fields has been analyzed in detail by Urban20, 21
and Prescott?2s23,

Equation 21 contains four free parameters, three of which describe

the current sheet (MR/M, X\ and B) and ¥ which is the normalized impact

parameter of the particle. Since Q is the cosine of the angle between the

particle's velocity vector and west, Equation 21 can only describe real

particle motion for |Q| = 1. Allowed and forbidden regions comparable to

those shown, for example, by Ray® and Urban2l may be found from this

equation.

14




SADDLE POINTS IN THE Q SURFACE

The hypersurface Q (p, 6, X\, 8, -\;, MR/M) may be analyzed for
saddle points where Q = -1. Saddle points in the Q surface and their

significance have been discussed in detail by Urban?0: 21

and by
Prescott?2: 23, Location of saddle points in the Q surface leads to the
determination of totally shielded, partially shielded and unshielded regions
of Stormer space and permits calculation of the normalized particle flux

(relative to an isotropic distribution at infinity) in the partially shielded

regions.

In order for a saddle point to exist for a function F(p, 0) at a given

point, the following conditions must be satisfied at that point:

oF 1 0F _
—a—p—_o,p—e_o (22)
and
1 92 F\? ¥ F\/1 0°F
L ooFN (d EN(L >0 . 3
P 5939) apz)(Pz 0 8° (23)

Equation 22 is the necessary condition and Equation 23 is the sufficient

condition.

Application of Equation 22 to Equation 21 yields the results

Q _,__2sin® 2V, MR
d pc>  pisin® MDA F(B)
w n-1
2 1 pC
X Z-/ (4 1) — [n Cjpla) + P Bin(a)]
n=] LTV ATOONT
1 )\n+l P .
- -l; pn+2 COH(B) - Con(a) + m Bon(a) Pn (COS 9) (24)
C

15



where

1
Prl1 (cos @) (1+ 3cos® a)?

Binle) = )2n-3 ’

0
5= Cipla) = -
g M1 X\ cos a (sin o

and

!

Znt5 Prl1 (cos @) (11 3cos® @)?

o (sin o)
Bonle) = 5‘5 Conle) = -

N\ cos w

and

LaQ 1 (Cos 6 2ycos® ¢ Mg
P\ e p sin® 8 M A° F(B)

n+1l

D e {(8) anter s (2)
e n(ntl) [\\/ TR0 P

[Con(ﬁ) = Con(a)]}

ncos 0 1 n+l1 1 )
x| =222 p! (o5 0) - .9y | 25
[ T o o (cos 8) p— P (cos 8)_1) (25)

where the subscript ¢ denotes values at the saddle point.

For n odd (which is required for syvmmetry relative to the
equatorial plane) every term of equation 25 has a factor of cos 0 to an odd
power and this equation is satisfied throughout the equatorial plane.
Prescott?3 has found that saddle points occur only at points where the
magnetic tield 1s parallel to the symmetry axis. Therefore, saddle points
are expected only in the ecquatorial plane for the particular current dis-
tribution assumed. The 0 coordinate of all saddle points is assumed to be
w/2. The p coordinates of the saddle points are found by eliminating ¥

between Equation 21 ¢valuated at Q = -1 and Equation 24 which results in

(at ® = 7w/2)

16




——— -

1 2 MR o 1 Py
A VR n;1 n(nt1) ((K\ [(nt1) Cinfa)t b Binla)]

X n+1
-(3) (n[ConlB) - Conle] + . Bon(an) Pa(0) . (26)

In practice, values are assumed for the ring current parameters
MR/M, X\ and 8. Equation 26 is solved by iteration for self consistent
values of p , the p coordinate of the saddle point. The value of VC, the y
for which the saddle point occurs, is obtained from Equation 24 using the
same parameters MR/M, X\ and 8 and the p and 8 coordinates of the saddle

point. Vc is given by

_ MR n+l

1 = 1 P _ .
o= or tEE Ly (men ()[R Cinle) + o Binte

_l(L)n [c (B) - Copla) + = B (a>”P1(0> (27)
n \p_. on on n+l —on n )

For low energy particles the current sheet falls inside the inner
forbidden region and there is only one saddle point and it occurs outside
the current sheet. For higher energy particles, the Q surface has two
saddle points, one between the origin and the current sheet and the other

beyond the current sheet.

17/18




STORMER PLOTS

Stormer plots of allowed and forbidden regions of particle motion
for the combination field of the dipole plus the distributed ring current are
shown in Figures 3 through 10. The plots were calculated for impact
parameters Y. such that saddle points occur in the Q surface and pass points

occur in the Stormer plots. The regions of forbidden motion are shaded

and the allowed regions are unshaded. In the allowed regions [Q! = 1 and
in the forbidden regions 1Q1 > 1. The Stormer plot for a dipole alone is
shown in Figure 3. For a dipole field (Mg/M = 0) and v = - 1 there are

four regions: an inner forbidden region, Q > +1, which is completely

shielded from all particles from infinity; an inner allowed region where
-1 2 Q = 1, which is partially shielded from particles from infinity; an
outer forbidden region where Q < -1 and an outer allowed region where
-1 < Q < 0, which are both completely unshielded from particles from

infinity.

Unlike the Stormer plots for the dipole field which are the same for
particles of all energies, the plots for a dipole plus a ring current are
strongly dependent on particle ¢nergy. This is due primarily to the change
in dimensionless ring radius, », with the change in the Stormer unit of
length. Figure 4 shows the allowed and forbidden regions for the geo-
magnetic dipole (pM = 1.01788 X 10" weber meters) and a ring current
such that a = 6 earth radii, MR/M = 0.4 and 3 = 30° for proton kinetic
energy 50 MeV. For this particle energy, the ring current falls within
the inner allowed region and the plot is almost the same as for a dipole
with the magnetic moment of 1.4 multiplied by the original. The pass
point moves from p. =1 top. = 1.197 and the critical impact parameter
changes to ?C = - 1.1877. Figures 5, 6 and 7 show the change in the
Stormer plots with increasing particle energy while the ring parameters
remain the same as in Figure 4. In Figure 5 the proton kinetic energy is

0.1 BeV and the ring current falls just outside the inner forbidden region

19
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Stormer Plot for the Geomagnetic Dipole Plus a
Distributed Ring Current with MR/M = 0. 4,

a = 6 Earth Radii, 8 = 30° and Protons with

0.5 BeV Kinetic Energy and 7(\ = ~1.30895
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and the Stormer plot is still essentially that of a dipole with the saddle
point occurring in the Q hypersurface at p = 1.203 and Vc = - 1.1898.

The result is an increase in the dimensions of the completely shielded
region and the partially shielded region. Figure 6 and 7 show the allowed
and forbidden regions for protons with kinetic energy 0.5 BeV for critical
impact parameters ?C = - 1.19987 and - 1.30895, respectively. These
two figures illustrate the occurrence of two saddle points in the Q
hypersurface at different impact parameters. The outer pass point
(Figure 6) closes for a smaller impact parameter than the inner saddle
point (Figure 7). Since particles cannot cross a forbidden region to enter
an allowed region, the outer saddle point determines the totally shielded
and partially shielded regions. The totally shielded region about the
current element which was observed in the case of the filamentary ring
current5,16,20,2] j5 not observed where the current is distributed over
large dimensions. The pass point in Figure 7 is apparently unimportant

when considering particles coming from infinity.

Figures 8, 9 and 10 present the allowed and forbidden regions,
assuming a ring current with MR/M = 0. 2222, radius, a =6 rg, 8 = 30°
and a sine squared current distribution in the distributed ring. The radius
and magnetic moment of this ring current correspond to the V3 belt of

Akasofu and Cha.prnan1 0,

As particle energy is increased (from that of Figure 7) the point is
reached at which both the inner and the outer saddle points occur for the
same impact parameter and for higher energy particles the inner saddle
point occurs for smaller |y |. Figures 8 and 9 show the allowed and
forbidden regions for protons of kinetic energy 1 BeV and critical impact
parameters -1.1175 and -1. 12536, respectively. In this case the Vc for
the inner saddle point determines the totally shielded inner forbidden region
and the partially shielded region which extends to the inner pass point. The
Y. which closes the outer pass point determines the forbidden and allowed
regions for p > G where Pei is the radial coordinate of the inner saddle

point.

25
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For higher proton kinetic energies, the inner saddle point becomes
more important. Figure 10 shows the forbidden regions for protons with
kinetic energy 5 BeV for the critical impact parameter VC = - 1.04288
which just closes the inner region. The Stormer plot again looks very
similar to the dipole plot. In this case, however, the ring current reduces
the volumes of the totally shielded and partially shielded regions instead of
increasing them as in the case of low energy particles. The volume of the
shielded and partially shielded regions decreases with increasing ring

current.
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UNBOUND PARTICLE FLUX CALCULATION

The ratio of the untrapped proton flux at points inside the magneto-
sphere to an isotropic and spatially uniform flux at infinite distance can be
calculated using the Stormer transformation and Liouville's theorem. The

22,24,25,26

technique is discussed in the literature and will only be sum-

marized here.

Liouville's theorem states that the distribution function, f(?, 5),
in six-dimensional phase space, (;’, I—’)), is a constant of the motion, where
the components of P are the conjugate momenta of the components of T of
the Hamiltonian equations of motion and P = 1—;+ qK . Swann?4 has shown
that the distribution function f(;, 1_;) is also a constant of the motion in the
quasi-phase space (r, 1_;). If particle energy and speed remain constant,

the distribution function is constant along a particle trajectory connecting

two points in real space.

—
For monoenergetic particles the flux at a position r is defined by

(7, E) = ‘g vg (T, vg) dQ (28)
£2

where ‘_;E is a velocity corresponding to energy E and the integration is
over the solid angle containing all directions from which particles are
allowed to arrive. The Stormer allowed cone contains all the allowed
directions and it has been shown?7 that, neglecting the shadow effect, the

flux is uniform over the allowed cone and the flux at :is given by
@(; E) = vy {(r, vE) S‘ dqQ . (29)
Q

The half angle of the allowed cone is cos™! Q where Q is given by

Equation 21, The differential element of solid angle is given by

dQ = sin w dw 46
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where 6 is the azimuthal angle of the right circular Stormer cone.

Therefore,
2 Q,
5dQ=—S\ 3 dQ dé = - 27 (Q; - Q)
0
=2m (Q; - Qj) . (30)
The flux at ;is given by
®(r, E) = 2m v £, vg) (Q1- Q) . (31)

The assumption that v, p and E are constant along with Liouville's theorem

lead to
vf(;’, v) = vf(;‘;, v) (32)

—
where r is a point at infinite distance. The flux of particles of energy E

at infinity is given by

3(ry, E) = § VE H(rg, vg) dQ = 41 v f(?m,VE) (33)
Q

[ee}

since the flux at infinity is assumed to be isotropic and spatially uniform.

—
The ratio of flux at r to the flux at infinity is given by

2.E) % [Qi(T, E) - Qz(7, E)]
®(r,, E)
= 2 Qi) - Q)] (34)

The Stormer cone is completely closed at Q = +1 which is the lower
limit, Q) of the integral just evaluated, and the cone is fully open at
Q = -1. The upper limit Q; is the value of Q(;C) calculated using

Equation 21.
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For dipole fields, Prescott?2 has shown that the ratio of the unbound

—_—
particle flux at r to an isotropic flux at r = @ is given by

Ql(.f_*)._ =0if Q. 21 Inner forbidden region
B(ry) (completely shielded) (35)
2(r) 1 9 Qc
— =-2-(1-Qc)if-1.0§Qc<l.Oand 3 <0
®(rg) P
Inner allowed region
(partially shielded) (36)
2 (x)
= =1if Q. < -1 Outer forbidden region or if
e(ry) -1<Q.<0and 0Q./3p >0
Outer allowed region
(completely unshielded region) (37)

where Q. = Q(’?C)

Similar equations were found to apply in the case of the ring current.
The only modification required to obtain the flux ratios for the filamentary
ring is the replacment of 9Q_/0p by 0Q./0p where o is measured from

the ring rather than its center.

Examination of the allowed and forbidden regions of Stormer space
for the dipole plus a ring current (filamentary or distributed) leads to the
following results. In general two saddle points may be found in the Q
hypersurface, and these saddle points occur for different values of critical
impact parameter Vci and Vco for the inner and outer saddle points,
respectively. If [y.ol < W—cil’ the outer pass point closes first as impact

arameter is becoming more negative and the inner aliowed regions for the
dipole and for the ring current are connected. Figures 4 through 6 are
examples of this situation and the flux ratios are calculated using the

following rules:
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®(r) , .

—— = 01if Q. =+ 1
@ (r,)
@ry 1

(‘) =5 (1-Q)if-1.0=2Q < 1.0andp < p_
@(rm) 2. CcO
¢~>
——(-.r,—,)-—:lifQC<-1or1f-1<Q<0andp>pco (38)
@(r,)

where G is the p coordinate of the outer saddle point. These equations
apply to the lower energy part of the spectrum but the energy at which they

cease to apply depends on the ring parameters.

For the higher encrgy particles |y ;| < Iy.,| and the inner pass
point closes first as Y is becoming more negative. In these cases the
inner allowed region for the dipole and the allowed region for the ring
current are scparate and the rules for calculating flux ratios for the
dipole may be applied out to p = Pei and the rules for the ring current may
be applied for p > Pei where Pei is the p coordinate of the inner saddle

point. Equivalent rules may be stated as follows for Fyeil < I?(.col:

o(r B
q,:»r-) <0 if Q(V.j) “ landp < p, orif
r) _ -
® Q (Yeo) 2 landp > p;
&(r) | _ )
3(r,) 2 [1-Q(G )] if-15Q ()< landp <p;
o (r) 1 _
= =5 11 -Qf if-1<Q(Y.,) <1
o(r ) ° Vel Neo
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®(r)
o(r,)

=1ifQ(?Ci)<-1andp<pCi

or if Q (Y )< -1landp > p
or if - 1 < Q(_\?CO) < Oandp > p., - (39)

The ratios of particle flux at T to an isotropic flux at infinity were
calculated for the geomagnetic dipole plus a filamentary ring and for the
geomagnetic dipole plus distributed ring currents using Equations 38 and 39.
Calculations were made for a series of proton kinetic energies from 10 MeV
to 10 BeV. Flux ratios were also calculated for the geomagnetic dipole field
(using Equations 35 through 37) for comparison with the flux ratios for the
combination fields. The results of the flux ratio calculations are presented

in Figures 11 through 18.

Figures 11 through 14 give flux ratios in the equatorial plane.
(Figure 12 is for 8 = 89.5° instead of 90° to avoid the singular point in Q
at ()\, ITZ—> for the dipole plus a filamentary ring current.) The general
influence of the ring current is a reduction of unbound particle flux in the
equatorial plane for radial distances greater than or in the vicinity of the
ring current. The flux ratios all go to zero at ()\, %) for the dipole and

filamentary ring and the reduction is quite pronounced for p ~ X\ and

©

il

89.5° for this model. The reduction of the ratios in the vicinity of

p = X for the distributed ring current is much less pronounced in the

equatorial plane. For radial distances ~7-10 earth radii, the filamentary
ring and the distributed ring current produce approximately equal reductions
in particle flux provided they have the same magnetic moment. The dipole
model predicts that 10 MeV particles will penetrate the magnetosphere

to about 8. 6 earth radii from the dipole, whereas the combination field
models predict total shielding from 10 MeV protons out to about 10 earth
radii. Unbound particle flux reductions by a ring current are predicted

for all particles not sufficiently energetic to penetrate the ring current.

The opposite effect is predicted for particles with sufficient energy to

strate the inner {ield. The ring current field subtracts from the dipole
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field for r < a and the effectiveness of the shielding provided by the dipole ‘ !
field is therefore reduced. The effect is manifested at the Earth's surface 1
in the reduction of the cutoff rigidity for cosmic rayslg’ 19,20 The increase

in unbound particle flux about one earth radius from the dipole which is due

to the ring current is rather small. For example, the flux ratio for 10 BeV
protons at r = 1 is increased from about 0. 045 to about 0. 135 with the

addition of a ring current with Mg/M = 0.4 ata = 6 r,. A visual estimate

of the average increase in flux ratios due to the ring current of Figure 14
compared to Figure 11 is about 6 per cent over the radial interval

-

<
l re <1 4r..

Figures 15 through 18 present the results of flux ratio calculations
at 8 = 80" for the differcent field configurations being considered. Again
the ring current is found to slightly increase the flux ratios near the dipole
and decrease the flux ratio in the vicinity of r = a and for r > a. The
distributed ring current model leads to preditions of smaller flux ratios in
the vicinity r = a than the filamentary ring current model for rings with
th¢ same magnetic moment. A comparison of Figures 17 and 18 shows
that flux ratios depend strongly on the magnetic moment of the ring current,

especially in the vicinity of the ring current and beyond.

Since these flux ratios werce calculated using an axisymmetric field
model, their values are not valid near the magnetopause. Also the effect
of the solid earth which would reduce the particle flux near the Karth was
unt considered.  The particle flux estimates are expected to be too high

near the Earth,

Flux ratios at higher magnetic colatitude (6 = 40°) for filamentary
and distributed ring currents plus a dipole show that a distributed ring
current is less effective than a filamentary ring current of the same
magnetic moment in the reduction of cutoff rigidity. Estimates of ring
currents required to achieve a certain reduction in cutoff rigidity near
the Farth's surface are too low if a filamentary ring current model is

used when the actual current is distributed over large volumes.
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CONCLUSIONS

The Stormer theorem has been applied to the combination field of
a dipole plus a distributed ring current. Forbidden regions for unbound
particle motion were calculated and ratios of unbound proton flux in the
model magnetosphere to an isotropic flux at infinity were obtained. These
ratios indicate that the reduction of unbound particle flux near the ring
current and outside it due to the presence of the ring may be of greater
magnitude than the increase of particle flux at the Earth's surface due to

the ring current.

The unbound charged particle distributions in the magnetosphere
are strongly influenced by the presence of a ring current. The theoretical
distributions appear to be rather sensitive to the form assumed for the

ring current.

More accurate predictions of the effect of the ring current on the
distribution of unbound particles in the magnetosphere may be obtained
with more accurate representation of the vector potential of the ring
current. A multiple-sheet representation for the ring current would be
nearer to the diffuse nature of the actual trapped particle belts than the
single sheet approximation used in these calculations. The multiple sheet
formulation appears to be a straight-forward transition from the present
formulations. For some range of particle energy, each added current
sheet may have its own saddle point but it should not be too difficult to

ase nnintg contr
ass points contr

[»]
=

oS the particle flux for each region of

"3

Stormer space. Very accurate representations of the ring current vector
potential, especially those which are not axisymmetric and those obtained
by numerical integration will very probably be too complicated for use with
the Stormer theory and individual particle trajectories will probably have
to be numerically integrated to determine allowed directions of arrival,

cutoff rigidities and particle fluxes.
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Satellite particle flux data should be analyzed for an experimental
measure of the influence of the trapped particle belts on the untrapped
particle flux. Maps of measured cutoff energy for free particles for the
magnetosphere could be compared with the results of the Stormer theory
using various ring current models. The measured untrapped particle dis-
tributions in the magnetosphere should be of considerable value in the study

of the ring current.

The Stormer theory may serve as a useful check in efforts to derive
self-consistent models of the ring current and its magnetic field. 27,28
The ring current effects on solar flare particles should be considered when
predictions of the penetration of these particles into the magnetosphere are
made. The magnitude of the ring current effect appears to be such that the
flux of solar flare protons in the magnetosphere differs substantially from

what might be expected in a dipole field.
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